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Abstract 



K*" The spontaneous breaking of S'C/(4) heterotic standard models by 

^^ Z3 X Z3 Wilson lines to the MSSM with three right-handed neutrino 

(T^ supermultiplets and gauge group SU{3)c x SU{2)l x [/(I) x [/(I) is 

^""^ explored. The two-dimensional subspace of the Spin{lQ) Lie algebra 

C^ that commutes with su(3)c © su(2)i is analyzed. It is shown that 

there is a unique basis for which the initial soft supersymmetry break- 
ing parameters are uncorrelated and for which the U{1) x U{1) field 
strengths have no kinetic mixing at any scale. If the Wilson lines "turn 
on" at different scales, there is an intermediate regime with either a 
left-right or a Pati-Salam type model. We compute their spectra di- 
C^ rectly from string theory, and adjust the associated mass parameter 

so that all gauge parameters exactly unify. A detailed analysis of the 
running gauge couplings and soft gaugino masses is presented. 
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1 Introduction 

The discovery of neutrino masses [Ij motivates the introduction of right- 
handed neutrinos into the standard model and, by extension, into the min- 
imal A^ = 1 supersymmetric standard model (MSSM) [21 El 0]. Remark- 
ably, this right-handed neutrino extended MSSM can arise from vacua of the 
£^8 X Eg heterotic superstring O El El [9l [IDl [IB [12]- Specifically, smooth 
compactifications on elliptically fibered Z3 x Z3 Schoen manifolds p^ [H] 
with SU{A) "extension" bundles [151 Hg [HI [HI US |20l [21] can lead to four- 
dimensional, A^ = 1 supersymmetric theories with exactly the particle spec- 
trum of the MSSM with three families of right-handed neutrino chiral super- 
multiplets, one per family, and no vector-like pairs or exotic states [221 [23] . 
Furthermore, the theory is invariant under the SU{3)c x SU{2)l x U{1)y 
gauge group of the standard model. 

However, the fact that this "extended" MSSM arises from heterotic string 
theory has important theoretical and phenomenological implications. First, 
and foremost, is the fact that the low energy gauge group Q must contain 
one extra f/(l) factor. This is due to the fact that the last step in the 
symmetry breaking sequence E^ — )■ 5'pm(10) — )■ ^J is accomplished by two 
"Wilson lines," each corresponding to a generator of the Z3 x Z3 isometry 
group. Since these Wilson lines are Abelian, they preserve the rank of the 
gauge group. It follows that the rank 5 S'pm(lO) group is spontaneously 
broken to the rank 4 standard model group plus an additional factor of t/(l), 
which can be associated with B-L (baryon minus lepton number). That is, 
Q = SU{3)c X SU{2)l X t/(l)y x U{\)b~l- A renormalization group analysis 
of this B-L MSSM theory, including the radiative breaking of both B-L and 
electroweak symmetry, the associated B-L/EW hierarchy and predictions for 
the masses of the Z' boson, the Higgs bosons and all superpartners was 
presented in [2H|25]. The implications for proton decay, and dark matter, as 
well as a discussion of the associated cosmic strings, were given in [26] and 
[27] respectively, while consequences in the neutrino sector were discussed in 
[261 [2811291 EQ] 

Meanwhile, supersymmetric theories associated with B-L have had a long, 
rich history because of the intimate relationship between R-parity (first de- 
fined in [il [32]) and B-L: R = (-1)3(s-l)+25^ ^j^^^g g jg ^-^^ ^^-^^ rj.^^ 



^We will refer to the 50(10) group, as it is commonly called in the model building 
literature, as Spin{10) to be more mathematically correct. 



fate of R-parity plays a crucial role in the phenomenology and cosmology 
of supersymmetry. This relation was originally explored in the context of 
a global symmetry [33] and later expanded to gauged symmetries [34j and 
more minimally in [28] ; all of which resulted in R-parity violation. This was 
followed by a medley of works exploring both facets of the fate of R-parity 
in a variety of contexts, including [351 ESI EZl EHl ESI SO]- 

Recently, this B-L MSSM theory was advanced in a series of papers \A1\ 
H2| 133] as the simplest B-L supersymmetric theory, since it only extends 
the MSSM by the right-handed neutrinos required by anomaly cancellation. 
An automatic prediction follows: R-parity violation is spontaneously broken 
in minimal B-L models because only the right-handed sneutrino can break 
the B-L symmetry in a realistic way. These papers explored many of the 
consequences of this theory and showed it to be consistent with present ex- 
perimental data. Furthermore, these papers were recently supplemented by 
a discussion of the lepton number violating signals that could accompany the 
B-L MSSM at the LHC [H]- Therefore, from both the top-down and bottom- 
up point of view, the B-L MSSM theory appears to be very compelling. 

The analyses in [211 EHl [26] , in order to elucidate the mechanism for ra- 
diative B-L breaking and the B-L/EW hierarchy, necessarily was carried out 
over a relatively restricted set of initial parameters. In addition, the basis 
of generators of Y and B — L is not "orthogonal" in the Cartan subalgebra 
of 5o(10). Hence, the associated f/(l)y and U{1)b-l held strengths exhibit 
"kinetic mixing", both initially and at all lower scales. This greatly compli- 
cates the RGEs of the gauge couplings and was analyzed only approximately 
in [2^ |25l |26]. Finally, the running parameters of the B-L MSSM generically 
experience five mass "thresholds", that is, scales where the coefficients of the 
associated RG beta functions change. In [HI [23 EH], this was approximated 
by only three such masses, the other two being sufficiently close to these that, 
in a restricted regime of parameter space, they could safely be ignored. 

In this paper, we rectify the last two of these problems. The first issue, 
carrying out the RG analysis for a greatly expanded set of initial parameters, 
will be analyzed in forthcoming work [IS] . We begin by presenting a detailed 
mathematical analysis of the Cartan subalgebra of 5o(10), deriving the two- 
dimensional subalgebra that commutes with su(3)c©su(2)i and introducing 
the "canonical" basis which spans it. Wilson lines derived from any linearly 
independent elements Yi and Y2 of this subalgebra will spontaneously break 
Spin{10) -^ SU{3)c x SU{2)l x U{1)y, x U{1)y2. Many, but not all, such 
bases will lead to the right-handed neutrino extended MSSM spectrum at 



low energy. We will restrict our attention to those bases that do- such as 
Yy,Yb-l and Yt.^j^,Yb~l, as well as to the specific "non-canonical" basis in- 
troduced and analyzed in Appendix A. We show that, as with the Y, B-L 
generators discussed in [211 ISSl |26] , the quark/lepton and Higgs superfields in 
both the canonical and non-canonical bases each arise from different 16 and 
10 representations of Spin{10) respectively. It follows that the soft super- 
symmetry breaking terms, as well as the Yukawa couplings, are uncorrelated 
by their origin in Spin{10) multiplets. This "liberates" the initial parameter 
space of these theories and has important implications for low energy. 

Next, we introduce the Killing inner product on the Cartan subalgebra. 
It is shown that as long as the basis elements 1^1,1^2 are orthogonal, that 
is, that their Killing bracket vanishes, then kinetic mixing of the associated 
gauge field strengths at the initial "unification" scale will also vanish. Both 
the canonical and specific non-canonical basis elements, but not the Yy,Yb-l 
generators of |2ll l25l [26], satisfy this condition. Henceforth, we restrict our 
discussion to such orthogonal bases. Using the RG analyses presented in 
|46j . we then show that kinetic mixing will continue to vanish at all lower 
energy-momentum scales if and only if Tr{YiY2) over the entire matter and 
Higgs spectrum of the B-L MSSM is zero. The canonical basis is shown to 
satisfy this condition and, hence, never exhibits kinetic mixing. However, in 
Appendix A we show that the specific non-canonical basis does not. Fur- 
thermore, we prove a theorem that the only orthogonal basis satisfying this 
condition is precisely the canonical basis, and appropriate multiples thereof. 
We note in passing that the Yy,Yb-l generators of [2H |25l [26] also don't 
have vanishing trace over the B-L MSSM. Thus, in this paper, we iden- 
tify a unique basis of generators Yr^^,YB^L whose low energy gauge group, 
f/(l)yy X f/(l)yg_^, does not exhibit kinetic mixing at any scale. 

For this reason, the bulk of this paper analyzes the mass thresholds, 
boundary conditions and RG running of the gauge parameters and soft gaug- 
ino masses associated with this canonical basis. An important aspect of the 
analysis is that the Wilson lines associated with each of Ft3h,^b-l need 
not "turn on" at the same scale. Rather, because the inverse radius of the 
"hole" in the Calabi-Yau threefold that they wrap depends on moduli, one 
such mass scale can precede the other, perhaps by as much as an order of 
magnitude. Allowing for this, there are then two different "breaking pat- 
terns". In the first, Spin{10) is broken by the Yb-l Wilson line to an in- 
termediate region containing a left-right type model. This has gauge group 
SU{3)c X SU{2)l X SU{2)b. x U{1)b-l with a specific spectrum that we cal- 



culate directly from string theory. At a lower scale, M/, the Y^^^ Wilson line 
turns on and the theory becomes the extended MSSM. Conversely, if the Yr^^^ 
Wilson line turns on first, then Spin{10) is broken to a Pati-Salam type the- 
ory with gauge group SU{4:)c x SU(2)l x U(1)t^^ and an exphcit spectrum. 
Again, we calculate this directly using string theory. At a lower scale, M/, 
the Yb-l Wilson line turns on and the theory becomes the extended MSSM. 
It is proven that in either case, subject to imposing the experimental values 
of the gauge couplings at the Z-mass, M/ can be chosen so as to enforce 
the unification of all gauge couplings, albeit for different values of M/. Of 
course, if both Wilson lines turn on simultaneously, then 5'pm(10) is broken 
immediately to the B-L MSSM. In this case, gauge unification cannot occur. 
Using this technology, in the final section we present a detailed discus- 
sion of the five mass thresholds, the boundary conditions at these scales, 
explicit computer analysis' plotting the running of the gauge couplings and 
a discussion of the gaugino soft masses. This is done independently for both 
the left-right and Pati-Salam intermediate breaking patterns, imposing the 
experimental values of the gauge couplings at the Z-mass. These plots show 
the unification of these couplings, and the explicit mass threshold behavior. 
The unification scale, the unified gauge coupling and the value of M/ asso- 
ciated with such unification are evaluated in each case. Finally, we present 
the results when both Wilson lines are simultaneous and explore the extent 
to which the gauge parameters "miss" unification. 

2 The Z3 X Z3 Wilson Lines 

We begin by searching for the most general U{1) x f/(l) subgroup of Spin{lQ) 
that commutes with S'f/(3)c x SU{2)l- This is most easily carried out using 
the associated Lie algebra so(lO), whose relevant properties can be found, 
for example, in [47j . 

We will identify the color subalgebra su(3)c C so (10) with the a^ and a^ 
nodes of the so(lO) Dynkin diagram shown in Figure 1. The complete set of 
su(3)c7 roots is given by 

a' = (1, -1, 0, 0, 0), «2 = (0, 1, -1, 0, 0), /3 = (1, 0, -1, 0, 0) (1) 

as well as minus these roots. We denote the associated elements of su(3)c 
by i5_|_cfi , -E-|-Q,2 and E±i3 respectively. When added to Tii = |(-ffi — H2) 
and 7^2 = \{H2 — H3) of the Cartan subalgebra f), these eight elements 




Figure 1: The Dynkin diagram for Spin(10) with the su(3)c and su(2)i generators 
highhghted in red and blue respectively. 

span su(3)c C so(lO). Similarly, we will identify the electroweak subalgebra 
su(2)i C so(lO) with the a'^ node of the so(lO) Dynkin diagram in Figure 1. 
The complete set of roots is given by 

a^ = (0,0,0,1,-1) (2) 

and its minus. Denote the associated elements of su{2)l by E±a^. Added 
to Tii = ^(-^4 — H^) of the Cartan subalgebra, these three elements span 
su(2)l Cso(lO). 

To identify the most general U{1) x f/(l) subgroup of Spin{10) that 
commutes with SU{3)c x SU{2)l, we simply search for the subspace of the 
five-dimensional Cartan subalgebra [) that commutes with all of the su{3)c © 
su{2)l generators listed above. Using the commutation relations 

[H,,Hj]=0, [H,,E^] = a^E^ (3) 

valid for any root a, this is equivalent to solving for the most general element 
of [) that annihilates a^, o? ^ /3, a^. Writing this as iiz®i = '^i=iO'^Hi, it follows 
from g and (g that 

H,^, = a{H, + H, + H,) + b{H, + H,) (4) 

for any real coefficients a and b. That is, the elements of so(lO) that commute 
with su(3)c ©su(2)i form the two-dimensional subspace 1)302 of the Cartan 
subalgebra spanned by 

H^ + H2 + H,, H, + H,. (5) 

Of course, any linearly independent basis of f)3®2 C f) is of potential phys- 
ical interest. However, the basis (pi) arises naturally in the above calculation. 



For this reason, and others to be specified below, we will refer to (|5| as the 
"canonical" basis and discuss its properties first and in detail. In Appendix 
A, we briefiy analyze a non-canonical basis and prove a general theorem 
about such bases. 

2.1 The Canonical Basis 

To identify the physical meaning of each of the canonical generators, it is 
useful to find their explicit form in the 16 representation of so(lO) since it 
contains a complete family of quarks/leptons including the right-handed neu- 
trino. This can be accomplished using standard methods; see, for example, 
[milH]. Written in a basis in which the 16 decomposes under su{3)cQ)su{2)i 
as 

16 = (3, 1)®2 © (3, 2) © (1, 2) © (1, if , (6) 

that is, into the u, d, Q quarks and the L, z/, e leptons respectively, we find 
that 

2(i7i + H2 + H,) = ((-l)l3)®' © (l)l6 © (-3)12 © ((3)li)®' . (7) 

We have multiplied Hi + H2 + H^ by 2 to ensure that all diagonal elements 
are integers. It follows that one can identify 

2{Hi + H2 + H3) = 3(5 - L) . (8) 

Similarly, written in the same basis we find 

H^ + H, = (-1)13 © (l)l3 © (0)l6 © (0)l2 © (-l)li © (l)li . (9) 

If hypercharge is defined using the relation Q = T^l+Y, then one can identify 

H, + H, = 2{Y-^{B-L)) . (10) 



It is useful to note that 



Y-liB-L) = TsR, (11) 



where T^r is the diagonal generator of SU{2)r. Noting that the complete set 
of roots associated with the a^ node of the 5o(10) Dynkin diagram in Figure 
1 is 

«5 = (0,0, 0,1,1) (12) 
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and its minus, one can see immediately that the three elements l-L^ = ^{H4 + 



if 5) and E±a5 span an SU{2) Lie algebra. It follows from ( 11 ) that this can be 
identified with su{2)r C so(lO). Having made these physical identifications, 
we henceforth denote these generators by 

Yb-l = 2{H, + H2 + H,), Yt,^ = H, + H,. (13) 

Note that their Killing brackets are given by 

(Yb-lIYb-l) = 12, iYT,jYT,,) = 2, (Yb^^IYt^J = (14) 

where we have used the relation {Hi\Hj) = 6ij. To set our notation, we 
reiterate that 

[Yb-lU = ((-1)13)®' © (l)l6 © (-3)12 © ((3)li)®' (15) 

and 

[Yr.nU = (-1)13 © (l)l3 © (0)l6 © (0)l2 © (-l)li © (l)li . (16) 

The Killing bracket is defined on 50 (10) and is independent of the represen- 
tation of the Lie algebra. That being said, the Killing bracket of any two 
elements x,y E so(lO) can be evaluated in any representation R using the 
formula 

ix\y) = ^TriixUiyU) , (17) 

where 

Ir = -^C2{R) (18) 

"sd(10) 

is the Dynkin index, ^50(10) = 45 and C2{R) is the quadratic Casimir invariant 



for the representation. Using this relation, one can check the validity of ( 15 ) 



and (16). Note that 6*2(16) = -j- and, hence, lie = 4. Furthermore, from 



(15) and (Km one finds 



Tr{[YB-L]ie[YB-LU) = 48, Tr{[YT,,U[YT,Jw) = 8, 

Tr{[YB-L]ie[YTjie) = . (19) 



It then follows from (17) that [iB-Llie and [Vjij^jie satisfy the Killing rela- 



tions (14), as they must. 



In the following, it will be important to know the explicit form of Yb-l 
and 1^3^ in the 10 representation of 5o(10). Written in a basis in which 10 
decomposes under su(3)c Q)su{2)l as 

10 = (3,1) ©(3, 1)0(1, 2)®% (20) 

that is, into the color triplet He, He and weak doublet H, H Higgs fields 
respectively, we find using ^7\ that 

[Yb-l]io = (2)l3 © (-2)13 © (0)l2 © (0)l2 (21) 

and 

[^TaJlO = (0)l3 © (0)l3 © (l)l2 © (-1)12 . (22) 

As above, these expressions can be checked by computing their Killing brack- 
ets. We find 

Tri[YB-L]io[YB-LU) = 24, Tr {[YtJ^Yt- Jio) = 4, 

Tr{[YB^,UYT:Jio) = . (23) 



Noting that C2(10) = 9 and, hence, Iw = 2, it follows from (17) that 



[YB_i]io and [^t3h]io indeed satisfy the Killing relations (14). 



2.2 Properties of the Canonical Basis 

There are four fundamental properties possessed by the canonical basis that 
make it particularly interesting. These are derived in the following. 

Wilson Lines and the MSSM: 

Let us consider the two Wilson lines associated with the canonical basis. As 
abstract Spin{10) group elements, these are 



2-;r :v 27r 



Xb-l = e*^^-^ ^ , XTa. = e^''"3H ^ . (24) 

Note that Xb-l — XTg^ = 1 and, hence, each generates a finite Z3 subroup 
of Spin{10). We identify these with the Z3 x Z3 isometry of the Calabi-Yau 
threefold X. When turned on simultaneously, these Wilson lines sponta- 
neously break 

SptnilO) ^ SUi3)c X SUi2)L x [/(l)^^ x Uil)B-L • (25) 



As discussed previously, the Z3 x Z3 isometry acts equivariantly on the chosen 
vector bundle V and, hence, the associated sheaf cohomology groups of tensor 
products of V carry a representation of Z3 x Z3. To determine the zero modes 
of the Dirac operator twisted by V and, hence, the low energy spectrum, one 
takes each H^{X,Ur{V)), tensors it with the associated representation R, 
and then chooses the invariant subspace {H^{X,Uii{V)) ® R)^'^^^'^. Let us 
carry this out for each of the relevant representations of 5*^^71(10). 
For R = 16, the associated sheaf cohomology is 



H\X,V) = RG®^ , 
where RG is the regular representation of Z3 x Z3 given by 



(26) 



RG = 1 ® xi ® X2® xl® xl® X1X2 © xlx2 © Xixl © xlxl (27) 

and Xi)X2 are the third roots of unity which generate the first and second 
factors of Z3 x Z3. Note that 



h\X,V) = 27 



(28) 



and, hence, there are 27 16 representations of Spin{10) in the spectrum prior 
to turning on the Wilson lines. Choosing the Wilson line generators in the 



canonical basis (|13|), it follows from (|15|) and (|16|) that the action of the 

(29) 



Wilson lines (24) on each 16 is given by 

xLz.(3, 1, -1, -1) © XT3« ■ xLl(3, 1, 1, -1: 



16 



xk 



©1 • Xb-l(3, 2, 0, 1) © 1 ■ 1(1, 2, 0, -3) © xhn ■ 1(1' 1' -1' 3) 
©Xt3«-1(1,1,1,3) . 



Choosing xi = Xt-^r and X2 = Xb-l in (27), we find that {H^{X,V) ® 
•j^g^ZsxZa consists of three families of quarks and leptons, each family trans- 
forming as 



(30) 



Q = 


{u,Dr = 


(3,2 


,0,^) 
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= (3 


1, 


1 

"2' 


-^ 


d = 


= (3, 


1 
''2' 


1 
"3 


and 


























L 


= {N,Ef 


= (1, 


2,0,- 


-1), 


z/ = 


(1, 


1,- 


4.1), 


e -- 


= (1 


""^'2' 


1) 



(31) 



under SU{3)c x 5f/(2)i x f/(l)T3^ x f/(l)B_L. 



For R = 10 the associated sheaf cohoinology is 



Note that 



H\X, aV) =xi®xl® X1X2 © XIX2 



h\X,A^V) 



(32) 



(33) 



and, hence, there are 4 10 representations of Spin{10) in the spectrum prior 
to turning on the Wilson hues. Choosing the Wilson line generators in the 



canonical basis (13), it follows from (21) and (22) that the action of the 



Wilson lines (24) on each 10 is given by 

10 = l-xLL(3,l,0,2)©l-Xij-L(3,l,0,-2) 
©Xt3« -1(1, 2, l,0)©xl,, -1(1,2,-1,0) 



(34) 



Choosing xi = Xt^r ^-^id X2 = Xb~l in (32), we find that {H^{X, A^V) 



j^Q^ZsxZa consists of a single pair of Higgs doublets transforming as 

H= (1,2,^,0). i7=fl,2,-;,0) (35) 



:i,2,^,0), ^=(1,2,-^,0) 



under SU{3)c x SU{2)l x t/(l)T« x U{1)b-l- These results lead to the fol- 
lowing important property of the canonical basis. 

• When the two Wilson lines corresponding to the canonical basis are turned 
on simultaneously, the resulting low energy spectrum is precisely that of the 
MSSM-that is, three families of quark/lepton chiral superfields, each fam- 
ily with a right-handed neutrino supermultiplet, and one pair of Higgs-Higgs 
conjugate chiral multiplets. There are no vector-like pairs or exotic particles. 

The canonical basis exhibits a second, related, property that has impor- 
tant consequences for the the low energy effective Lagrangian. Consider, 
once again, the R = 16 case and the Z3 x Z3 invariant tensor product of 



H^{X,V) in (26), (27) with the 16 decomposition in (29). Note that, with 



the exception of Xb-l, Xt^rXb-l ^^^ Xt-^uXb-l i^ (27) which project out all 



terms in ( 29 ) , each of the remaining six entries in each RG form a Z3 x Z3 
invariant with only one term in a 16. That is, each quark and lepton chiral 
multiplet in the low energy theory arises from a different 16 representation of 
5'pm(10). Now consider the i? = 10 case. It is easily seen from (32) and (34) 



that, with the exception of Xt-^rXb-l ^^d Xt-^^Xb-l in (32) which project 



10 



out all terms in (34), the remaining two entries Xt^r cind Xt^r each form a 



Z3 X Z3 invariant with only a single component of (34), the Higgs and Higgs 
conjugate chiral multiplets respectively. Hence, each arises from a different 
10 representation of ^^^^(lO). This leads to the second important property 
of the canonical basis. 

• Since each quark/lepton and Higgs superfield of the low energy Lagrangian 
arises from a different 16 and 10 representation of Spin{10) respectively, the 
parameters of the effective theory, and specifically the Yukawa couplings and 
the soft supersymmetry breaking parameters, are uncorrected by the Spin{10) 
unification. For example, the soft mass squared parameters of the right- 
handed sneutrinos need not be universal with the remaining slepton super- 
symmetry breaking parameters. 

The Kinetic Mixing Parameter: 

Prior to turning on the Z3 x Z3 Wilson lines, the conventionally normalized 
kinetic energy part of the gauge field Lagrangian is Spin{10) invariant and 
given by 

Ck^neuc = ^Tr{F''T^f , (36) 

where {T^, a = 1, . . . .45} is an orthogonal basis of so(lO) in any representa- 
tion R , each basis element Killing normalized to 4=. In particular, defining 

T' = Y-l{B-L) = lYr,,, ^^ = ^-{B - L) = ^Yb-l (37) 



we see from (14) that 



(T^IT^) = (T^IT^) = -, (T^IT^) = (38) 



and, hence. 



Ck^neUc = -l{Fl^y-\{F'^.r + ... ■ (39) 

That is, there is no kinetic mixing term of the form F^^^F'^^'^. This is a con- 
sequence of the fact that the canonical basis elements Y^^^ and Yb-l are 
Killing orthogonal, and is of little importance while ^^^^(lO) remains unbro- 
ken. However, if both Wilson lines are turned on simultaneously, the gauge 

11 



group is spontaneously broken to SU{3)c x SU{2)l x U{1)t.^^ x U{1)b-l- 
For general U{1) x f/(l), the two Abelian field strengths can exhibit kinetic 
mixing; that is, 

^k^euc = -\{{Flf + 2aFlF'^'^ + {Fl^f + ...)• (40) 

for some real parameter a. However, for U{1)t.^^ x U{1)b-l the normalized 



canonical generators satisfy (38) and, specifically, are orthogonal in 5o(10). 
It follows that the initial value of a at the unification scale, M„, must vanish. 
This is the third important property of the canonical basis. 

• Since the generators of the canonical basis are Killing orthogonal mso(lO), 
the value of the kinetic field strength mixing parameter a must vanish at the 
unification scale. That is, a(M„) = 0. 

Once the 5'pm(10) symmetry is broken by both Wilson lines, either by 
turning them on at the same scale or sequentially, as discussed below, one 
expects the mixing parameter a to regrow due to radiative corrections. In this 
case, the Abelian field strengths develop a non-vanishing mixing term which 
greatly complicates the renormalization group analysis of the low energy 
effective theory. Radiative kinetic mixing has been discussed by a number 
of authors, see, for example, |l6l HHl EDI EH [521 EH]. Let us briefly review 
the analysis. Consider a theory with unspecified U{1) x U{1) gauge factors. 
Then, in general, at an arbitrary momentum scale 

C-kn.et^c = -\{{Fl^f + ^^aFlF'^^ + {Fl^f + ...). (41) 

The associated gauge covariant derivative is given by 

D = d- iT^giA^ - iT^g2A^ , (42) 

where we denote the couphng parameters and gauge fields associated with 
T^ and T^ by gi,A^ and g2,A'^ respectively. Defining new gauge fields by 
A = OA' where 

^-U-^ !) 

diagonalizes the kinetic energy terms to 

^k^neuc = -\{{l - a){Fp' + (1 + a){Fp' + ...). (44) 
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Further rescaling of the gauge fields by A' = V 2 A" with 



1 




1 






V ^^ = \ ^1^-" ^_ I (45) 



leads to a canonically normalized kinetic term 

1 

4 

However, the covariant derivative now has off-diagonal gauge couplings 



C,.neUc = -^iiFp' + iFp' + ...). (46) 




D = d-z{T\T')h^ ^1.2 • (47) 



Note that the four gauge couplings are not independent, being functions 
of the three parameters a, gi and g2 in the original Lagrangian. It is not 
surprising, therefore, that a further field redefinition will eliminate one of 
them. The transformation should be orthogonal so as to leave the field 
strength kinetic term diagonal and canonically normalized. This can be 
achieved by setting A' = VA where 

"^^^ (48) 



(49) 



(50) 

Note that in the limit that a — )■ 0, ^2 = fi'2 and Qm = 0. 

The renormalization group equations for the gauge couplings in this "up- 
per triangular" realization were given in [36]. Here, however, it suffices to 
present the RGE for the off-diagonal coupling Qm- It is found to be 
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V 


1 
~ V2 


VI- 


a 








yi + 


a 




We find that the covariant derivative 


now 


becomes 








D = 


d-t{T 


\T') 


(Gi 


Qm\ [A'- 


/ 


with 


Gi 


= 91, 


Q2 = 


92 






gia 




Vi- 


a2' 


^'' Vi 


-a2 



where 



/3_ 



M 



G2GMB22 



Qm^ii 



2glgMBn + 2^2^m5i2 + ^1^2^12 (52) 



and 



Bij = Tr{TT^) 



(53) 



The trace in (53) is over the entire matter and Higgs spectrum of the MSSM. 



Note that all of the terms in the j3 function (52), with the exception the 
last term, contain at least one power of Qm- If the mixing parameter a and, 
hence, the off-diagonal coupling Qm vanish at some initial scale, as they will 
for our canonical basis, then the terms containing Qm will not, by themselves, 
generate a non-zero mixing parameter at any lower scale. However, a non- 
vanishing Qm will be generated by the last term. The only exception to this 
is if the charges T^ and T^ are such that 



E12 = Tr{T^T^ 







(54) 



Generically, this will not be the case for arbitrary charges oi U{1) xU{l); see 
Appendix A. 3. However, let us break Spin{10) to [/(l)T3fl x U{1)b-l with 
both Wilson lines of the canonical basis. The associated normalized charges 
T^ and T^ were presented in (37) and satisfy 



{T^\T^ 



. 



It then follows from (17) that 

Tr{[T\[T\) = 



(55) 



(56) 



for any complete 5o(10) representation R. Recalling that each quark/lepton 
family with a right-handed neutrino fills out a complete 16 multiplet, one 
can conclude that 



Tr{[T'] 



AT 



quarks / leptons [-^ \quarks / leptons ) 







(57) 



However, in the reduction to the zero-mode spectrum the color triplet Higgs 
He and He are projected out. Hence, the electroweak Higgs doublets H 
and H do not make up a complete 10 of so (10). Therefore, the trace of 
T^T"^ over the Higgs fields of the MSSM is not guaranteed to vanish. It is 
straightforward to compute this trace using (21) and (22). If we ignore the 
color triplet components, then 



[Yt:,. 



\H,H 



:i)i. 



:-i)i. 



(58) 
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and 

[Yb-l]h,h = (0)12® (0)12. (59) 



It then follows from (37) and the 0-entries in rtSQft that 



Tri[T%^s[T\,H) = -^Tri[Yr,,U,H[YB-L]H,H) = • (60) 



We conclude from (57) and (60) that 

5i2 = . (61) 

Therefore, for the canonical basis if the initial value of a and, hence, Qm 
vanish, then both will remain zero at any lower scale. This is the fourth 
important property possessed by the canonical basis. 

• The generators of the canonical basis are such that Tr{T^T'^) = when the 
trace is performed over the matter and Higgs spectrum of the MSSM. This 
guarantees that if the original kinetic mixing parameter vanishes, then a and, 
hence, Qm will remain zero under the RG at any scale. This property of not 
having kinetic mixing greatly simplifies the renormalization group analysis of 
the SU{3)c X SU{2)l x U{1)t3ii x U{1)b-l low energy theory. 



2.3 Sequential Wilson Line Breaking 



In Subsection 2.2 we introduced the two Wilson lines Xb-l and Xt^r asso- 



ciated with the canonical basis. As abstract ^^^^(lO) group elements, these 



were given in (24). Each generates a finite Z3 subroup of Spin(10), together 
representing the Z3 x Z3 isometry of the Calabi-Yau threefold X. When 
turned on simultaneously, they spontaneously break Spin{10) to the gauge 
group SU{3)c X SU{2)l x U{1)t^j^ x U{1)b-l- The associated low energy 



spectrum was computed in Subsection 2.2 and found to be exactly that of the 



MSSM; that is, three families of quarks/leptons, each with a right-handed 
neutrino supermultiplet, as well as one pair of Higgs-Higgs conjugated su- 
perfields. 

Since 7ri(X/(Z3 x Z3)) = Z3 x Z3, there are two independent classes of 
non-contractible curves in the quotient of X. Each Wilson line corresponds to 
the Z3 holonomy group of a flat gauge bundle wrapped around a curve in one 
of these classes. A "mass scale" can be assigned to each Wilson line; namely, 
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the inverse radius of the associated non-contractible curve. This radius will 
depend on the geometric moduli of the Calabi-Yau threefold, leading to a 
larger (smaller) mass scale for a smaller (larger) radius curve. It follows 
that the two Wilson lines can "turn on" at different scales, depending on the 
moduli of the geometry. There are three possibilities- a) Both Wilson lines 
have approximately the same scale corresponding to the unification mass. 



This was the situation discussed in Subsection 2.2[ b) The Xb-l Wilson line 
turns on at the unification mass, followed sequentially at a smaller scale by 
XTsr- c) The converse situation, that is, the Xt^r Wilson line turns on at the 
unification mass followed by Xb-l at a lower scale. If the mass scales of the 
Wilson lines are sufficiently separated, these scenarios can have different low 
energy precision predictions. In this subsection, we will explore the gauge 
groups and spectra associated with scenarios b) and c). 



Recall from (13) that Yb-l = 2(ifi + H2 + H^). By construction, Yb-l 



commutes with the generators of su(3)c (Bsu{2)i. Furthermore, it is clear 



that it annihilates the a root given in (12) and, hence, also commutes with 
su{2)b. It is straightforward to check that these are the only subalgebras 
of so(lO) that it commutes with. For example, the root associated with the 
remaining a^ node of the Dynkin diagram in Figure 1 is given by 

a^ = (0,0,1,-1,0) . (62) 

This is clearly not annihilated by Yb-l- That is, the commutant of Yb-l in 
so(lO) is su(3)c ©su(2)i ©su(2)^. It follows that when the Yb-l Wilson 
line is turned on, it spontaneously breaks 

Sptn{10) — > SU{3)c X SU{2)l x SU{2)b. x U{1)b-l , (63) 

the so-called left-right model [Ml ESI ES]- Let us now determine the zero- 
mode spectrum associated with this breaking. 

First consider the R = 16 representations of Spin{10). The associated 



sheaf cohomology is given in (26) where, now, prior to turning on xt-- 



3R 



RG = 1®1® Xb-l © 1 © Xb-l © Xb-l © Xb-l © Xb-l © Xb-l ■ (64) 



Similarly, it follows from (15) that, prior to turning on Xt^u, the action of 
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Xb-l on each 16 representation is given by 



16 = xI-l(3,1,2,-1)©xb-l(3,2,1,1) 
©1(1,2,1,-3)©1(1,1,2,3) . 



(65) 



We find from (64) and (65) tliat {H'^{X,V)0lQ) ^ consists oi nine families 
of matter multiplets, each family transforming as 

1. ^ fd 



Q = (3,2,l, 



Qi 



u 



and 



L = (1,2,1,-1), L 



R 



3,1,2,-; 



:i, 1,2,1) 



(66) 



(67) 



under SU{?,)c x SU{2)l x SU{2)r x U{1)b-l- 

For i? = 10 the associated sheaf cohomology is given in (32) where, now, 
prior to turning on Xt^r 



H\X, aV) = 1 © 1 © xl-L © Xb-l • 



(68) 



Similarly, it follows from (21) that, prior to turning on Xt^r, the action of 
Xb-l on each 10 representation is given by 



10 = xLl(3, 1, 1, 2) © Xb-l{3, 1, 1, -2) © 1(1, 2, 2, 0) 



(69) 



Tensoring (68) and (69) together and taking the invariant subspace, we find 
that {H^{X, A^V) © 10)^3 consists of two pairs of Higgs-Higgs conjugate 
multiplets, each transforming as 

H = 



;i,2,2,0) 



(70) 



and a single pair of colored Higgs-Higgs conjugate multiplets transforming 

as 

Hc = {S,lA,l), ^c = (3,l,l,-^) (71) 

under SU{3)c x SU{2)l x SU{2)n x U{1)b-l- 

We conclude that in the "intermediate" energy region between the unifi- 
cation scale, Mu = ^xs-l ' where Xb-l is turned on and the intermediate 
scale, which we denote by Mj = M^^ , when XT^m becomes significant, the 
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effective tfieory will consist of the zero-modes given in ( 66 ) , ( 67 ) and ( 70 ) , ( 71 ) . 



The parameters of their Lagrangian are subject to several constraints. First, 
note that each 1 in RG given in ( 64 ) forms a Zg ~ invariant with a pair 
L © Lr in the associated 16. It follows that the components of each pair, 
there are nine pairs in total, will have correlated Yukawa and soft supersym- 
metry breaking parameters in the intermediate region due to the S'pm( 10) 
unification symmetry. Second, even though each Qr^Lr and "H arises from a 
unique 16 and 10 of S'pm(lO) respectively, their components superfields will 
have identical Yukawa and soft supersymmetry breaking parameters due to 
the SU(2)r symmetry. 

What happens when Xt^h is eventually switched on? By construction, 
this Wilson line commutes with SU{?>)c x SU{2)l x U(X)b-l, but will spon- 
taneously break 

SU(2)n -^ U(1)t,, . (72) 

Decomposing the SU{2)r component of the 16 representations with respect 
to [/(l)r3fl gives 

g = (3, 2, 1,1) ^1(3, 2, 0,1) 



Qn = (3, 1, 2, -1) ^ xL(3' 1' -1' -1) © XT3«(3, 1, 1, -1) 

L = (l,2, 1,-3)^1(1,2,0, -3) 

Lr = (1, 1, 2, 3) ^ xL(l. 1. -1' 3) © Xr3«(l, 1,1,3) 



(73) 



where we have explicitly displayed the action of Xt^b- Inserting these ex- 



pressions into (65) exactly reproduces the decomposition of the 16 given in 



(29). Similarly, the same decomposition of the SU{2)r component of the 10 



representations yields 
H 



;i, 2, 2, 0) ^ xr3«(l, 2, 1, 0) © xL(l' 2, -1, 0) 
i7c = (3, 1,1, 2) ^1(3, 1,0, 2) 
i?c = (3, 1,1, -2) ^1(3, 1,0, -2) 



(74) 



Inserting these expressions into (69) reproduces the decomposition of the 10 
given in (34). It follows that turning on the Xr-m Wilson line spontaneously 
breaks 5f/(3)cx5f/(2)ix5f/(2)^xf/(l)B-L ^ 5f/(3)cx5f/(2)iX?7(l)T3«x 
U{1)b-l with exactly the spectrum of the MSSM, as it must. Furthermore, 
the requirement of Z|^ invariance chooses at most one of L or Lr from each 
L © Lr pair. Thus, their correlation is broken since at most one of each 



pair will descend to lower energy. Additionally, each MSSM field will arise 
as a 7j§ invariant from a different intermediate region multiplet. Hence, the 
correlation of the component fields of the SU{2)r doublets Qr.Lr and 1-i will 
also be broken, since each doublet contributes at most one of its components 
to the MSSM. Finally, we note that since T^ = ^^Tsh is embedded in the non- 
Abelian subalgebra su(2)/j, the associated gauge field strength cannot mix 
with the Abelian T^ = -^Yb-l field strength in the intermediate regime. It 
follows that at the scale Mt-^^^^ the mixing parameter a and, hence, Qm niust 
vanish. 

Let us now consider the converse situation where Xt^r is turned on at the 
unification mass followed sequentially by Xb~l at a lower scale. 



^XT3, > M^B- 



Recall from (13) that 1^3^ = -f^4 + H^. 
with the generators of su(3)c © su(2)l 



By construction, Yt^^, commutes 



However, it does not annihilate 
the remaining node a^ of the Dynkin diagram in Figure 1. Hence, one might 
conclude that su(3)(7©5u(2)i is its largest non-Abehan commutant. However, 
examining all the remaining roots of so(lO) we find that 1x3^ annihilates the 
non-simple root a° given by 



a 



-1,0,0,0) 



(75) 



as well as the 2 Weyl reflections of a'' around a^, a^ and their minuses. These 



6 roots, along with the Abelian generator %q — ^ 

the fifteen dimensional subalgebra su(4)c. This is shown in the 

Dynkin diagram presented in Figure 2. 



\{Hi + H2), extend su(3)c to 
extended" 




Figure 2: The extended Dynkm diagram of Spin{lQ) with the 5u(4)c D su(3)c 
and su(2)i subgroups highlighted in green and blue respectively. 



19 



Therefore, the commutant of 1^3^ is actually the enlarged subalgebrasu(4)(7© 
su{2)l. It follows that when the lyg^ Wilson line is turned on, it sponta- 
neously breaks 



Spin{10) -^ SU{4)c X SU{2)l x U{1)t,^ , 



(76) 



a gauge group closely related to the so-called Pati-Salam modejj ^7\. We 
note that Yb-l does not annihilate a^ and, hence, U{1)b-l C SU{4:)c- Let 
us now determine the zero-mode spectrum associated with this breaking. 
First consider the R = 16 representations of Spin{10). The associated 



sheaf cohomology is given in (|27|) where, now, prior to turning on Xb-l 
RG = 



XT,n © 1 © Xr, 



xn. 



Xl,,, © XT,n © Xn 



(77) 



Similarly, it follows from (16) that, prior to turning on Xb-l, the action of 



XTsr on each 16 representation is given by 

16 = 1(4,2,0) ©Xt..(4, 1,-1) 



Xt3b(4,1,1) 



(78) 



We find from (77) and (78) that (if^(X, V") ® 16)^3 consists of nine families 
of matter multiplets, each family transforming as 



(4,2,0), 



(4,1, 



^ 



(4,1, 



(79) 



under SU{A)c x SU{2)l x U{l)Tsn- 

For R = 10 the associated sheaf cohomology is given in (32) where, now, 
prior to turning on Xb-l 



H\X,a'V) = xt,, 



xkn © xnn © xt3. 



(80) 



Similarly, it follows from (22) that, prior to turning on Xb-l, the action of 



XT311 on each 10 representation is given by 

10 = 1(6,1,0)©XT3J1,2,1) 



Xt,_ 



1,2, 



(81) 



Tensoring (80) and (81) together and taking the invariant subspace, we find 



that {H^{X, A^V) ® 10)^3 consists of two pairs of electroweak Higgs-Higgs 
conjugate multiplets, each transforming as 

1. 



H= 1,2, 



H 



1,2, 



(82) 



^Pati-Salam contains the full SU{2)r group instead of [/(1)t3h- 
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under SU{4)c x SU{2)l x U{1)t,^. 

We conclude that in the "intermediate" energy region between the uni- 
fication scale, Mu = M^^ , where Xt^r is turned on and the intermediate 
scale, Ml = M^g_^, when Xb-l becomes significant, the effective theory will 



consist of the zero-modes given in (79) and (82). Note that even though 



each matter multiplet in the intermediate region arises from a different 16 
of 5'pm(10), their component fields have correlated Yukawa and soft super- 
symmetry breaking parameters due to the SU{'i)c symmetry. 

What happens when xb-l is eventually switched on? By construction, 
this Wilson line commutes with SU{2)l x U{1)t^^, but will spontaneously 
break 

SU{A)c -^ SU{3)c X U{1)b-l • (83) 

Decomposing the SU{A)c component of the 16 representation with respect 
to SUi3)c X Uil)B-L gives 

= (4, 2, 0) ^ Xb-l{S, 2, 0, 1) © 1(1, 2, 0, -3) 

= (4, 1, -1) -> xI-l(3, 1, -1, -1) © 1(1, 1, -1, 3) (84) 

: (4, 1, 1) ^ xI-l(3, 1, 1, -1) © 1(1, 1, 1, 3) 

where we have exphcitly displayed the Xb-l representation. Inserting these 



expressions into (78) exactly reproduces the decomposition of the 16 given 
in (29). Similarly, the same decomposition of the SU{4)c component of the 
10 representations yields 

(6, 1, 0) ^ xl-d^, 1, 0, 2) © xb-l(3, 1, 0, -2) 

if =(1,2, 1)^1(1, 2, 1,0) (85) 

i?= (1,2,-1) ^1(1,2,-1,0) 



Inserting these expressions into (81) reproduces the decomposition of the 10 
given in (34). It follows that turning on the Xb-l Wilson line spontaneously 
breaks Sf/(4)c x 5^7(2)^ x Uil)T,^ -> SUi3)c x 5^7(2)^ x f/(l)T3« x f/(l)B-L 
with exactly the spectrum of the MSSM, as it must. Furthermore, each 
MSSM field will arise as a Zg ~ invariant from a different intermediate re- 
gion multiplet. Hence, the correlation between the components of the SU{4:)c 
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4 matter multiplets is lost. Finally, we note that since T^ = Y/a^B-L is em- 
bedded in the non-Abelian subalgebra 5u(4)c, the associated field strength 
cannot mix with the Abelian T^ = ^Yr^^ field strength in the intermediate 
region. It follows that at the scale M^^ ^ the mixing parameter a and, hence, 
Qm must vanish. 

Both sequential breaking patterns, specifying the gauge groups and the 
associated zero- mode spectra, are shown schematically in Figure 3. 



3 Gauge Coupling Unification and the Inter- 
mediate Mass Scales 

Within the context of the explicit Wilson line breaking scenarios introduced 
above, we now present the renormalization group analysis of the gauge cou- 
pling parameters. These are chosen for discussion since their RG running 
does not depend on introducing initial values for the soft breaking parame- 
ters. It is clear from the previous section that the RG fiow must be integrated 
over several distinct regimes, each with a different gauge group and multiplet 
content and, hence, different gauge couplings and beta functions. We begin, 
therefore, by carefully elucidating all relevant mass scales and the scaling 
regimes between them. 

3.1 Mass Scales 

From the top down, the important mass scales are the following. 

The Compactification/Unification Scale (M„): 

The transition from ten-dimensional string theory to the four-dimensional 
effective field theory is not "sharp" . Rather, it occurs over a small interval in 
energy-momentum, roughly centered around the "average" inverse radius of 
the compactification manifold XjiTjj, x Z3). This compactifiction scale, Mc-, 
is clearly dependent on the geometric moduli and, hence, difficult to deter- 
mine directly from string theory. The E^ gauge symmetry of the heterotic 
string is spontaneously broken to S'pm(lO) by the S'f/(4) structure group of 
the vector bundle V . Ignoring any further breaking by Wilson lines, what 
emerges at the low energy end of the transition region is an effective field 
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Figure 3: The two sequential Wilson line breaking patterns of Spin{10). The 
unification and intermediate masses are specified, as well as the particle spectra in 
the associated scaling regimes. 

theory with unified gauge group Spin{10). We denote this gauge "unification 
scale" by M^. If one ignores string "threshold effects" due to the transition, 
then we can identify Mc — M^- These corrections are expected to be small 
and, in any case, are not the subject of the present paper. Henceforth, we 
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make this identification. 



The Wilson Line/Intermediate Scale (M/): 

If the compactification manifold is relatively "round" , one expects the inverse 
radii of the all non-contractible curves in X/[7j^ x Z3) to be approximately 
that of the average inverse radius. That is, M^^ ~ M^g_^ ~ M„. In this 
case, both Wilson lines turn on simultaneously and break Spin{10) down to 
the low energy gauge group SU{3)c x SU{2)l x f/(l)j'3^ x U{1)b-l at the 
unification scale. 

However, if the manifold is in a region of its moduli space for which one 
of the non-contractable inverse radii is much larger than the other, then the 
Wilson lines will turn on at different scales. Furthermore, ignoring threshhold 
effects, it is clear that the larger Wilson line mass should be identified with 
the unification scale Mu- In this case, there are two possibilities. First, 
if Mu ~ M^^„^ > M^^^^ then 5pm(10) is broken to 5t/(3)c x SUiTjL x 
SU{2)ji X U{1)b-l at M^. The second case occurs for M^ — M^^ > M^^_^. 
Now Spin{10) is broken at M„ to SU{4:)c x SU{2)l x t/(l)T3«.''' 

The smaller of the two Wilson line masses introduces a new mass scale. 
Mi, into the analysis. Below this "intermediate" scale, independently of 
whether Mj ~ M^^ or Mj ~ M^^_^ , the theory is spontaneneously broken 
to SU{3)c X SU{2)l X U{1)t^^ x U{1)b-l with precisely the spectrum of 
the MSSM with three generations of right-handed neutrino supermultiplets. 
Of course, in the case where the Wilson line masses are degenerate, the 
intermediate mass Mj is simply identified with the unification scale M„. 

The B-L Breaking Scale {Mb-lY- 

At some scale considerably below M/, but above the electroweak scale, the 
U{1)t^j^ X U{1)b-l symmetry must be spontaneously broken to t/(l)y. Let 
us briefly analyze how this breaking takes place, the scale Mb-l at which it 
occurs and the boundary conditions it places on the relevant gauge parame- 
ters. 



It follows from (49) and the fact that Qm = in the canonical basis, that 
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the U{1)t^^ X U{1)b-l part of the covariant derivative is given by 



^6) 



The generators T^,T'^ were defined in (37), g^R and qbl are the gauge pa- 
rameters and we denote the gauge bosons associated with U{1)t^j^ x U{1)b~l 
as W^ and Bb-l respectively. To simphfy notation, it is useful to define 

9'bl = \j\9BL . (87) 

Recall that the matter spectrum of the SU{2>)c x SU{2)l x U{1)x^h x U{1)b-l 
theory contains three right-handed neutrino chiral supermultiplets, one per 
family, each of which has charge (—1/2, 1) under ?7(l)T3fl. x U{1)b~l- The 
potential of one of the associated sneutrinos, z/, can be approximated by 

V = ml\V\' + \{g'i^ + glBm\ (88) 

where m? is the soft supersymmetry breaking squared mass. As shown in 
detail in [211 [25|, |26], m?, although positive at Mj, can become negative 



under the RG at a lower mass scale. It follows that potential (88) develops 
a vacuum expectation value given by 



—8m? 



vr = \ ,^ ^\ , (89) 

9bl + 91r 

where (z>) = 1/ \/2vr- This breaks f/(l)T3fl x U{1)b-l to a U{1) subgroup. 
Although growing over a range, vr "freezes out", that is, stops significantly 
evolving, when the energy momentum becomes smaller than the associated 
sneutrino mass. This mass, which we denote by Mb-Li can be identified with 
the scale of U{l)T-i^ x U{1)b-l breaking. 

To analyze this breaking, expand the theory around the sneutrino expec- 
tation value. In the basis {Wr^ Bb-l), the matrix for the squared masses of 
the gauge bosons is 

^ ( l93Rvl -19'bl93RvIY (90) 

\-Wbl93rv% -Jb^r J ^ 
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This can be diagonalized into the physical states 



Z^R = cos 6rWr - sinOjiBB-L, 
B = smOnW^ + cos OrBb-l 



(91) 



with masses 



Ml, 



1 



{9lR + 9BL)vl = 2\m^ 



4 
cos 9r 



Ml 



gzR 



^qIr + 9bl 



(92) 
(93) 



Note that the non-vanishing Z^r mass is closely associated with the soft 
supersymmetry breaking mass of the sneutrino. Z^r is generically called 
a Z' boson and B is the massless gauge boson of the unbroken f/(l) gauge 
symmetry. To determine exactly which symmetry has been broken and which 



persists, rewrite the covariant derivative (86) in the physical basis. Using 



(|37]), (187]),(|9T]) and ([93]), we find that 

D = d- iYgyB - i{Y cos^ Or 



-{B - L))gz^,Z^R 



where 



9y 



9bl93R 



9z. 



91r + 9'k 



(94) 



(95) 



^/91r + 9'bl ' 

Since B is massless, it follows that hypercharge Y is the unbroken gauge 
charge, that is, 

U{1)t,, X U{1)b-l -> U{l)y (96) 

and B is the hypercharge boson. The broken f/(l) symmetry is then the 
combination of Y and B — L specified by the rotated charge generator in the 



last term of (94). This couples to the massive Z'^r vector boson. 



The expression for the hypercharge parameter in (95) leads to an impor- 
tant boundary condition at the Mb-l scale. Defining ai = gf/An, it follows 
that 

^Y = -^r^^-T ■ (97) 



Qg^ + a'f 



BL 



However, this is not the most useful form of this relation. First, one should 



re-express it in terms of gBi using (87). Second, note from (37) that 



Y = T^ 



T' 



(98) 
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Using the Killing relations in (38), one finds (^11^) = 5/6. This is not the 
canonical normalization of 1/2 used for the basis elements of so(lO). To be 
consistent with this normalization, define 

>^'=/|>^, 9l = ^j\9y. (99) 



Then iY'\Y') = 1/2 and (97) becomes 



«i = ^ -1^^ -1 • (100) 

When transitioning through the Mb-l niass scale, the T^,T'^ and Y' gauge 
parameters will be related using this boundary condition. Values of Mb-l 
in [26j are found to between ~ 5 x 10^ GeV and 10^ GeV , with the former 
being more "typical." 

The Supersymmetry Breaking Scale {Msusy)'- 

Below Mb-l, the massive Z^r vector superfield-both the gauge boson and its 
gaugino-decouple. Furthermore, since the breaking of the extra U{1) gauge 
factor arises from an expectation value in one of the right-handed sneutrinos, 
this neutrino supermultiplet-both the right-chiral neutrino and its sneutrino 
partner-also get a mass of order Mb-l and decouple. The resulting theory 
is exactly the MSSM, that is, gauge group SU{3)c x SU{2)l x U{1)y with 
three families of quarks/leptons and one Higgs-Higgs conjugate pair, along 
with the soft breaking interactions. There are also the remaining two right- 
handed neutrino multiplets but, since they are uncharged under the standard 
model gauge group, they will not effect the RG running of parameters. 
The Higgs contribution to the quadratic potential is given by 

Vmggs = ml\H\^ + m\\H\^ + h{HH + he) + /i'(|//|' + \H\^) , (101) 

where m'jj, m^ and b are the supersymmetry breaking Higgs masses, while n 
is the supersymmetric Higgs mass. The beta function for the H soft mass has 
a significant contribution from the square of the top quark Yukawa coupling. 
That is, 

^"il^i''i'K. + ™? + "•«) + ••■■ « 
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Potential (101) can be diagonalized to 

Vmggs = m%\H'\^ + m%\H'\^ (103) 

where, for sufficiently small b, 

b^ 6^ 

m?., ~ m'JT K ^, mlr, ~ m% H ^ ^ . (104) 

rrig — mjj m^ — mjj 



Running down from Mb-l, the left and right stop masses in (102) drive m|^ 
toward zero, making mfj, negative and signaling the radiative breakdown 
of electroweak symmetry. Note that the Higgs expectation value continues 
to grow until one reaches the stop mass threshold. At that point, the stops 
decouple and the Higgs expectation value is relatively fixed. A good estimate 
of the stop decoupling scale is given bjjj 

MsusY ^ ^ni^mi . (105) 

In addition to this being the scale where radiative Higgs breaking "freezes 
out" , it is also a good indicator of the masses of all superpartners. Again 
due to the large top Yukawa coupling, one finds with approximately universal 



soft squared masses that all scalar superpartners tend to lie just above ( 105 ), 
as shown in |26] for these types of B-L models. Furthermore, the fermionic 
superpartners lie near or just below the stop threshold. That is, Msusy 
is a reasonable estimate of superpartner masses and, therefore, of the scale 
where supersymmetry is broken. Hence, the subscript Msusy- Finally, we 
note that the component Higgs and Higgsino fields of the H' supermultiplet 
also develop masses of order Msusy- The value of Msusy is constrained on 
the low end by non-observation of SUSY particles, and on the high end by 
fine tuning arguments. A typical value satisfying all constraints is 

Msusy = 1 TeV . (106) 

We conclude that at Msusy all superpartners and the Higgs conjugate 
supermultiplet decouple. Hence, at lower energy-momentum the theory has 
the matter and Higgs spectrum of the non-supersymmetric standard model. 
Although electroweak symmetry has been broken at Msusy, the vacuum 
expectation value 

{H') ~ 0(10^ GeV) « Msusy - (107) 

Therefore, the gauge symmetry below Msusy remains approximately S'f/(3)cX 
SUi2)L X U{1)y. 



^See [59] for a more detailed study. 
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The Electroweak Scale (Mew)'- 

At O{10^ GeV) the Higgs expectation value becomes relevant and sponta- 
neously breaks the gauge group to SU{3)c x U{1)em- We will identify this 
scale with the Z boson mass; that is, 

Mew = Mz . (108) 

We will input all experimental data for the gauge parameters, Yukawa cou- 
plings and so on at this scale. 

3.2 Scaling Regimes 

From the top down, the scaling regimes are the following. 

M„ ^ Mi: 

In this regime, the theory has softly broken A^ = 1 supersymmetry. The 
gauge group is either SU{3)c x SU{2)l x SU{2)r x U{1)b-l or 5[/(4)c x 
SU{2)l X [7(1)^3^ depending on whether the Xb~l or Xt^^ Wilson line turns 
on first. The associated matter and Higgs spectra are the superfields dis- 



cussed in Subsection 2.3 and listed in Figure 3 



Mi -^ Mb^l- 

The theory remains supersymmetric with soft breaking interactions. Regard- 
less of which breaking pattern occurs above Mj, in this regime the gauge 
group is SU{?i)c X SU{2)l x U{1)t^^ x U{1)b-l- The associated spectrum is 
exactly that of the MSSM with three right-handed neutrino supermultiplets, 



as discussed in Subsection 2.3 and listed in Figure 3. 



Mb-L ^ MsuSY- 

The theory remains softly broken supersymmetric. However, the gauge group 
is now reduced to SU{?>)c x SU{2)l x U{1)y of the standard model. The 
spectrum is the same as in the previous regime with the exception that the Z' 
vector supermultiplet as well as one neutrino chiral multiplet have decoupled. 
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MsusY -^ Mz: 

In this regime super symmetry is completely broken with all superpartners 
and the H' conjugate Higgs integrated out. The gauge group remains SU{3)c>^ 
SU{2)l X U{1)y with the spectrum precisely that of the non-supersymmetric 
standard model. 

In any of the above regimes, the RGE for each gauge coupling parameter 
9i is 

dt 27r * ' ^ ' 

„2 

where a^ = |^. In a regime where the gaugino has been integrated out, the 
coefficients bi are given by [60] 



k = -^C72(G.) + \Y1 ^«(^) + I E ^^(^) ' (110) 



3 ' ' 3 ^^ ' ' 3 

scalars fcrmions 



where C2{Gi) is the second Casimir invariant for the adjoint representation 
of Gi and Ii{R) is the Dynkin index for the representation R of Gt defined 



in (18). For a simplified version relevant for supersymmetric theory see 



3.3 Gauge Unification via the SU{2)l x SU{2)r "Left- 
Right" Model 

When the Xb-l Wilson line is turned on first, the scaling region between 
Mu and Mj is populated by a "left-right model"; that is, the theory with 
SU{3)c X SU{2)l X SU{2)ji x U{1)b-l gauge group and the particle con- 
tent composed of 9 families of quarks/leptons, two Higgs bi-doublets-each 
one containing a pair of MSSM-like Higgs doublets-and two colored triplets. 
Proton decay is highly sensitive to the presence of such colored triplets [62] , 
even at scales close to the GUT scale. However, because these fields do not 
come from the same 10 as the MSSM Higgs, their couplings are unknown 
and could be small enough to avoid the current bounds. Alternatively, this 
can be viewed as a justification for the Pati-Salam type model or the simul- 
taneous Wilson like scenario, discussed in the next two sections, which do 
not contain these fields below M^. 

One of the advantages of seperating M^ and Mj is the extra freedom 
granted by the latter, which allows the exact unification of gauge couplings, 
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an observation which has been discussed in situations with similar gauge 
groups but different particle content [HU [63] . Specifically, M/ can be chosen 
independently of Mb-l so as to allow exact unification of the gauge couplings. 
Although not strictly necessary, we will enforce such unification as a way of 
exactly specifying the low energy theory. Below Mj, the left-right model 
reduces to the gauge group SU{?>)c x SU{2)l x [7(1)^3^ x U{1)b-l with 
the MSSM particle content supplemented by three families of right-handed 
neutrino chiral multiplets. There are enough boundary conditions at M^, 
Ml and Mb-l to determine all gauge couplings at Msusy, and, hence, at 
Mz where they can be compared to the experimental data. The RG analysis 
requires three things: 1) the boundary conditions for the gauge couplings at 
Mu, Mi, Mb-l and Msusy, 2) the beta functions for the gauge couplings 
between these different scales and 3) the input of the low-energy values of 
the gauge couplings from experimental data. First consider the boundary 
conditions. They are given by 

«3(M„) = «2(M„) = «,j(M„) = «bl(M„) = «„ (111) 

aniMj) = a^niMi) (112) 

and 

«i(Mb_z.) = -^y— ^ _, , (113) 

where as and 02 are gauge couplings for SU{3)c and SU{2)l respectively. 
Gauge couplings without a specific boundary condition at a given scale are 
simply identical above and below that mass. 

Below M„, the gauge couplings of the SU{'i)c x SU{2)l x SU{2)r x 
U{1)b-l left-right model have the following RG slope factors in the interme- 
diate regime: 

63 = 10, 62 = 14, 6k = 14, 6Bi = 6, (114) 



where (110) has been used. The RG for the gauge couplings of the SU{?>)c x 
SU{2)l X [7(1)^3^ X U{1)b-l theory between Mj and Mb-l has the slope 
factors: 

63 = -3, 62 = 1, 63^ = 7, 6bl = 6. (115) 

Once U(1)t^^ x U{X)b-l breaks to f/(l)y, the RGE slope factors are 
simply the well-known ones of the MSSM: 
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63 = -3, 62 = 1, 61 = -. (116) 

5 
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Integrating out the superparners and the conjugate Higgs chiral multiplet at 
MsusY leaves the famihar standard model result 

19 41 

63 = -7, &2 = — , bi = —. (117) 

d ' ^ 16' ^ 10 ^ ^ 

Finally, Mz is the scale where the initial values of the gauge couplings can 
be inputed from experiment. They are 

tti = 0.017, tta = 0.034, as = 0.118. (118) 

Our procedure is to start with the experimental values of ai, 02 and a^ 
at the Z mass scale and to run them to the SUSY scale using the standard 
model RGBs. From here, the MSSM RGEs are used up to Mb-l- Above this 
scale, gauged hypercharge is replaced by U{1)t^^ x U{1)b-l whose coupling 
parameters a^R and a_BL, as yet not determined, are related to ai by the 



boundary condition (100). However, 02 and 03 remain valid gauge couplings 
and can be evolved up to the point where they become equal to each other. 
We will, for specificity, equate the scale of ^2 and 03 unification with the 
unification mass M^- Note that this scale is independent of M/ since the 
additional particle content in the intermediate region fits into complete mul- 
tiplets of ^^^^(lO). Hence, the value of the Mu is completely determined. 
We denote the unified coupling parameter by «„. This quantity, however, is 
dependent on both the value of M/ as well as the boundary conditions at 

Mb-l- 

The unification of a^ and 02 supplies a necessary boundary condition for 
aBL and aR] namely, that they be equal to «„ at M„. Now ubl and aR can 
be evolved back down to the B-L scale, remembering that gsR^Mj) = qr^Mj). 
The values of obl and or at the B-L scale are not independent because of 
gauge coupling unification and will furthermore depend on Mj. However, 



(113) can be used to solve for M/. 

To procede, we must choose values of Msusy and Mr-l- For the former, 
the typical value already discussed is 1 TeV . For the latter, [26] shows a 
range of possible values. In order to distinguish between the SUSY and B-L 
scales, both for the plots and to avoid any appearance of conflating them, 
we will first give our results for a rather high Mr-l = 10 TeV . Since such a 
large Mb-l could be invisible to the LHC, and is disfavored by [26], we will 
also give results for Mb-l = 1 TeV. An exhaustive analysis of these mass 
thresholds will be presented in future publications 
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Taking the values 

MsusY = 1 TeV, Mb-l = 10 TeV , 

we find that 

Mu = 3.0 X lO^*^ GeV, Mi = 3.7 x 10^^ GeV 
au = 0.046, asRiMB-i) = 0.0179, «bl(Mb_l) = 0.0187 . 

The associated running couphng parameters are plotted in Figure |4j 



(119) 
(120) 





16.0 16.5 



Figure 4: One-loop RGE running of the inverse gauge couplings, a^ in the 
case of the left-right model with Mb-l = 10 TeV with an enlarged image of the 
intermediate region. 



Similarly, for 



M: 



SUSY 



1 TeV, Mb-l = 1 TeV 



we find 



(121) 
(122) 



M„ = 3.0 X 10^^ GeV, Mi = 3.7 x 10^^ GeV 
au = 0.046, am{MB-L) = 0.0171, aBiiMB-i) = 0.0180 . 

The running coupling parameters are plotted in Figure [5j It is worth noting 
that changing the value of Mb-l did not affect any of the running above 
Mb-l- That is, M^, Mi, and a„ are unchanged. 
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Figure 5: One- loop RGE running of the inverse gauge couplings, a~ in the 
case of the left-right model with Mb-l = 1 TeV with an enlarged image of the 
intermediate region. 

3.4 Gauge Unification via the SU{A)c x SU{2)l Pati- 
Salam Type Model 

When the Xtzr Wilson line is turned on first, the scaling region between M^ 
and Ml is populated by the Pati-Salam type model; that is, a theory with an 
SU{'i)c X SU{2)l X U{1)to,p, gauge group whose particle content again has 
nine quark/lepton families and two pairs of H-H doublets. However, unlike 
the left-right case, there are no color triplets. 

Below M/, the Pati-Salam-like model again reduces to the gauge group 
SU{'i)c X SU{2)l X U{1)t.,j, X U{1)b-l with the MSSM particle content 
supplemented by three right-handed chiral neutrino supermultiplets. The 
scenario that follows is much like that in Subsection 3.3 First, one inputs 



the boundary conditions at the various transition masses, as well as giving 
the beta function coefficients for the gauge couphngs between these scales. 
As in the left-right scenario, we will enforce gauge coupling unification as a 
way of specifying, and simplifying, the low energy analysis. The unification 
condition then fixes the value of M/. There remain enough conditions to 
completely determine all gauge couplings at the low scale. 
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Specifically, the boundary conditions are 

a4(M„) = a2iMu) = a^R{Mu) = a^ 



and 



ai{M, 



B-L 



3«3-^(MB-L) + 2«5i(M. 



(123) 
(124) 

(125) 



B-L 



where a^ is the SU{A)c gauge coupling. Gauge parameters without a specific 
boundary condition at a given scale are simply identical above and below 



that mass. Using (110), the gauge coupling beta function coefficients can be 
calculated in the scaling regime M„ — )■ M/. The result is 



6, 



14, 



J'iR 



20 . 



(126) 



Since below M/ the theory is identical to the left-right case, all subsequent 



beta function coefficients are given in (115), (116) and (117) respectively. 



Again, the analysis begins with the experimental values of ai, a2 and a^ 
at Mz given in (118). We then follow the procedure discussed in Subsec- 



tion |3.3[ One notable difference is that the particle content in the M^ — )■ M/ 
intermediate region does not contain full multiplets of S'pm(lO). This shifts 
the unification scale M^ from its value in the previous example, as well as the 
value of Ml. The a^ and a^ gauge couplings continue to be used to fix the 
unification scale, although, at this scale, as is replaced by a^. The coupling 
asij can be evolved down from the unification scale and ubl can be scaled 
from the intermediate mass. 



Taking the values 



we find that 



M,, 



MsusY = 1 TeV, Mb-l = 10 TeV 



1.5 X 10^^ GeV, Mi = 7.4 x 10^^ GeV 



(127) 



(128) 



au = 0.041, am{MB-L) = 0.0175, aBL{MB-L) = 0.0195 . 
The associated running coupling parameters are plotted in Figure [6] 
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Figure 6: One- loop RGE running of the inverse gauge couplings, a~ in the case 
of the Pati-Salam type model with Mb-l = 10 TeV with an enlarged image of 
the intermediate region. 



Similarly, for 



we find that 



MsusY = 1 TeV, Mb-l = 1 TeV 



(129) 



M„ = 1.5 X 10^^ GeV, Mj = 7.4 x 10^^ GeV (130) 

a„ = 0.041, asRiMsusr) = 0.0167, aBLiMsusr) = 0.0187 . 

The running coupling parameters are plotted in Figure [7j Again, the running 
above Mb-l is not affected by the change in Mb-l- 

3.5 Gauge Unification with Simultaneous Wilson Lines 

When both Wilson lines turn on simultaneously, so that Mj = M^, the inter- 
mediate region is absent and S'pm(lO) is immediately broken to SU{2i)c x 
SU{2)l X [7(1)^3^ X U{1)b-l with the MSSM particle content supplemented 
by three families of right-handed neutrino chiral mulitplets. 
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Figure 7: One-loop RGE running of the inverse gauge couplings, a~ in the case 
of the Pati-Salam type model with Mb-l = 1 TeV with an enlarged image of the 
intermediate region. 



Naively, one might try to impose the boundary condition 



(131) 



However, as we will see below, unlike in the left-right and Pati-Salam cases, 
this unification condition is inconsistent with the experimental values of a^, 
a-i and a\ at Mz within the assumptions we have made about the mass 
thresholds. Hence, we will not input this condition. Rather, we will scale 
up to Mu from the experimental input at Mz and examine to what extent 
unification is violated. Of course, the boundary condition 



ai(M, 



B-L) 



3a3H(MB-L) + 2asi(MB-L) 



(132) 



at Mb-l continues to hold. Since the theory is identical to the left-right 
and Pati-Salam cases below M/, the beta functions in all subsequent scaling 



regimes are given in (115), (116) and (117) 



In the previous two sections, the final step of the RG procedure was to 
solve for Mj. In both cases, there was a unique solution for Mj that satisfied 
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the boundary conditions-including gauge coupling unification at M„. In the 
simultaneous Wilson lines case, however, we are fixing Mj = M„ in advance. 
Hence, if we continue to use the full set of boundary conditions mandated in 
the previous sections, the system will be overdetermined. Specifically, we find 



that one cannot simultaneously impose (131) and (132) while also matching 



the low energy experimental input (118). To proceed, some boundary con 



dition must be relaxed. Constraint (131) has the greatest uncertainty due 



to string threshold effects. Hence, we will no longer impose it. There is no 
fiexibility in the running of as and 02, their running and unification being 
completely determined by the experimental input. However, the low energy 



value of ay along with ( 132 ) can be used to write a relationship between ^3^^ 
and asL at Mb-l, but not fix them. Most choices for these two couplings will 
lead to neither of them unifying with as, a2 at M^. However, it is possible 
to choose one of them so that it indeed unifies at M^. In this case, however. 



the other coupling, calculated from the first using (132), will not unify. And 
vice, versa. 



Let us first demand that asL unify with as, a2 at M„. Using (132|) to 
solve for asij at Mb-l, we find that as^l^u) will miss unification by 
To be precise. 



%. 



aBL{Mu) - am{Mu) 



asniMu) 



(133) 



As one might expect from the previous sections, this result is unchanged for 
the range of Mb-l from 1 to 10 TeV. 

Another, potentially instructive, way to think of this procedure is to start 
with the left-right model of Subsection 2.3 and move Mj continuously up to 
Mu, without changing any of the RG running below Mj. Recall that the 
unification scale of as and a2 is independent of Mj, since the additional 
particle content in the intermediate region fits into complete multiplets of 
Spin{10). Note that obl is affected in the same way, which means that all 
three of these couplings will continue to unify at the same scale as we move 
Mi up toward M„. However, asR will be affected differently because, at the 
intermediate scale, it changes from a U{1)t3j^ coupling to an SU{2)ii coupling. 
Hence, it will not continue to unify with the others as Mj approaches M^. 



If we demand that as/j unify with as, a2, and use (132) to solve for ubl 
at Mb-l, We find that asi?(M„) will miss unification by ~ 13%. The RG 
running of the gauge coupling in each of these scenarios is shown in Figure 
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Figure 8: The gauge couplings do not unify exactly if the two Wilson lines turn 
on simultaneously. In (a), asL is chosen to unify exactly. In (b) a^R is chosen to 
unify exactly. Mb-l = 10 TeV in both plots. 



It is interesting to note that exact unification with simultaneous Wilson 
lines can be achieved by accounting for the fact that all superpartners will not 
have exactly the same mass, and, therefore, will not all decouple at exactly 
the same scale, Msusy- It is sufficient to assume that the scale at which the 
colored superpartners decouple, MsusYc^ is higher than the scale at which 
the non-colored superpartners decouple, Msusy^- The beta functions below 
MsusY„ and above Msusy^ are unchanged. In between these two scales, the 
theory is the MSSM without the colored superpartners. Using (110), the 
beta function coefficients in the regime MsusYc ~^ Msusy„ are calculated to 
be 

h = -7, h = -\, &i = y. (134) 

Choosing Msusy^ and Mb-l and demanding unification of gauge couplings 
specifies the value of MsusYc- A specific example is shown in Figure [91 where 



M. 



SUSY„ 



500 GeV, M, 



B-L 



10 Tel/ 



(135) 
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Figure 9: Exact unification for simultaneous Wilson lines, requiring a splitting 
between the colored and non-colored superpartners. 



is chosen. This yields 



M„ 



8.3 X 10^^ GeV, M, 



SUSYc 



3.7 TeV 



(136) 



au = 0.038, a^RiMB-L) = 0.0176, «bl(Mb_l) = 0.0191 . 

The wino and gluino play a critical role in allowing unification here. Note 
that the ratio of the non-colored to the colored SUSY scale (and therefore 
the masses of the wino and gluino) is approximately 



M2 : M3 ~ MsusY„ ■■ MsusY. ~ 1 : 7 



(137) 



in this case. In the next section we will examine whether or not this can 
happen in our model. 

The output parameters of interests for the three unification models (left- 
right, Pati-Salam, and simultaneous Wilson lines) are displayed in Table [I] 
The low energy observables, such as sin^ Or, are too similar between the 
different cases to be experimentally distinguishable at the LHC 

3.6 Running Gaugino Masses 

One of the predictive consequences of assuming the unification of the gauge 
couplings at M^ is the unification of the gauginos into a single gaugino field 



40 



Value 


LR 


PS 


SWL 


M„ 


3.0 X 10^6 


1.5 X 10^6 


8.3 X 10^5 


Mi 


3.7 X 10^^ 


7.4 X 10^5 


8.3 X 10^5 


au 


0.046 


0.043 


0.038 


sin^ Or 


0.61 


0.63 


0.61 


9zsR 


0.76 


0.77 


0.76 



Table 1: Values of interest specified by gauge coupling unification for the left- 
right model in the intermediate regime (LR), the Pati-Salam type model in 
the intermediate regime (PS) and for the simultaneous Wilson lines (SWL). 
The results do not depend significantly on Mb-l, but these are evaluated for 
Mb-l = 10 TeV. 



of Spin{10). These individual components therefore have the same mass, 
Ml/2, at M„. The RGE for the gaugino mass is [61] 



d 



:Ma 



haUaMa 



(138) 



dt ■'" 27r 

where the ha are the same coefficients as for the gauge couplings in the dif- 
ferent regimes. The boundary conditions at the scales of interest follow in a 
similar way from those of the gauge couplings. At M„ in the left-right model. 



M3(MJ = M2(MJ = Mr{M^) = Mbl{Mu) = M,/2, 
and in the Pati-Salam type model, 

M4(M„) = M2(M„) = MsRiMu) = Ml/2. 
At Mj in the left-right model, 

Msr{Mi) = Mr{Mj), 
and in the Pati-Salam type model, 

M4(M,) = Mbl{Mi) = Ms{Mj). 



(139) 
(140) 
(141) 
(142) 



Solving the RGE using unification and the boundary conditions at Mj yields 
that Ma{fi) is proportional to ^^(/i). That is. 



Ml/2 
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(143) 



Note that we have not discussed the boundary condition at Mb-l, so this 
solution is only valid above that scale. Therefore, the ratio of the gaugino 
mass parameters at the B — L scale depends only on the ratio of the gauge 
couplings. We now turn to the discussion of the hypercharge gaugino mass 
once B — L is broken. 

The relevant mass matrix in the basis (z/, i^^-L, W^jj), neglecting elec- 
troweak effects, is 



cos OrMz^ji smOnMz^j^'' 

M^= I cos 9rMz,^ Msr 

^sin OrMz,^ Mbl, 



(144) 



where we remind the reader that M^^^ is the mass of the Z' gauge boson. It 
will be useful, motivated by (100), to define. 



Ml 



Ml/; 



«! 



M 



1/2 



Mb-l 



Otu 2a 



1 
BL 



3a 



3K 



(145) 



Ms 



Let us now diagonalize (|144|). Using (|143|) and ([145|), the gaugino masses 

(146) 



M^R and Mrl can be parameterized in terms of Mi. 

M^R = Mi{l + em), MBL = Mi{l + tBL) 
where 



ai 



1 . 



(147) 



Note that in any of the unification scenarios, the e values at the B ~ L 
scale will be small since ai is close to a^R and url- (For example, in the 
left-right case, with Mb-l = 1 TeV, ai^MB-i) = 0.017. Using values for 



asR{MB-L) and aBiiMB-i) from (122), we find tBL ~ -06.) Therefore, we 



can diagonalize (144) as a perturbative expansion in e. The hypercharge 



gaugino mass is found to be 

Ml = Mi{l + cos^ ORtBL + sin^ ORt^R + 0(e')) . 



(148) 



Using (|147|) along with (93), (95), and (99), the two terms proportional to e 

Ml = Mi(l + C(e2)) -Ml (149) 



cancel, leaving. 
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Therefore, the hypercharge gaugino mass is, to first order in e, equal to Mi 
at Mb-l- The consequences are that, when calculated at Msusy, the ratios 
between the MSSM gauginos are 

Ml : M2 : M3 = ai : a2 : ^3 ~ 1 : 2 : 5 . (150) 

This is a prediction that should be visible to the LHC. However, the 
same prediction would come from other supersymmetric models in which the 
standard model gauge group unifies into a single gauge group with a single 
gaugino, so it is not unique to our theory. An important aspect of this con- 
clusion for our model is that it is not consistent with the scenario of exact 
unification with simultaneous Wilson lines presented in the previous section. 



According to (137) the ratio M2 : M3 would need to be approximately 1 



for unification in the case of simultaneous Wilson lines, whereas (150) pre- 
dicts it to be 2 : 5. We find that if obl is chosen to unify, a^R will miss 
uniification by ~ 4%. This leads to the following important point: 

• The predictions for the gaugino mass ratios from gauge unification are 
inconsistent with the ratio required for exact unification with simultaneous 
Wilson lines. Therefore unification cannot be achieved naturally with simul- 
taneous Wilson lines in our model. 

4 Conclusion 

MSSM extensions by an Abelian gauge group with the MSSM particle con- 
tent plus three right-handed neutrinos can be derived from Eg x Es heterotic 
string theory and have also been proposed by the model building community 
as attractive minimal TeV scale options. In the former case, such models arise 
from Z3 X Z3 Wilson lines breaking Spin{10). Here, a detailed search for the 
most general ^(1) x U{1) subgroup of Spin{10) consistent with this frame- 
work was conducted and a canonical model was found: U{1)b-l x U{1)t^j^, 
that is, baryon minus lepton number and the third component of right- 
handed isospin. It has the following four appealing and important features: 

1. As mentioned above, the particle content is simply that of the MSSM 
supplemented by three right-handed neutrinos while the gauge group 
has one rank more than the SM gauge group. 
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2. Each quark/lepton and Higgs superfield of the low energy Lagrangian 
descends from a different 16 and 10 representation of Spin{10) re- 
spectively, indicating that Yukawa couplings and soft SUSY breaking 
masses are uncorrelated at low energy by ^^^^(lO) relations . 

3. At the scale of Spin{10) breaking, there is no kinetic mixing between 
the two f/(l) symmetries since the generators of the canonical basis are 
Killing orthogonal. 

4. Furthermore, no kinetic mixing is generated through renormalization 
group effects because the trace of the product of the two f/(l) charges 
over the entire low energy particle content is zero. The physics of 
kinetic mixing was discussed in detail. 

Lastly, there are several predictions associated with the breaking of B-L, 
among them the spontaneous breaking of R-parity. These features hold at 
the low scale regardless of whether the Wilson lines turn on simultaneously or 
at different scales. The latter situation is interesting, however, since the extra 
freedom associated with the size of the second Wilson line, the intermediate 
scale, allows for the unification of the gauge couplings. The gauge symmetry 
in the intermediate regime depends on the order of the Wilson line turn on- 
with ^f/(3)c-x5f/(2)ix5f/(2)Rxf/(l)B-L symmetry (left-right model) in the 
case of the B — L Wilson line turning on first and SU{4)c x SU{2)l x [/(1)t3jj 
symmetry (Pati-Salam type) for the T^^ line turning on first. The features 
of both spectra are summarized in Figure 3. 

The threshold scales and beta functions necessary for a one-loop analysis 
of the gauge coupling running were carefully outlined for the three possible 
scenarios: B — L Wilson line first, T^n Wilson line first and simultaneous 
Wilson lines, with the results displayed in Figures 4]|5, in Figures 6][7 and 



Figures 8]|9 respectively. Unification in the simultaneous Wilson line case is 



possible, but the necessary gaugino masses are not consistent with gaugino 
unification. Low energy observables are summarized in Table [T| although 
their values are too similar to be used to differentiate between the scenarios. 
The results of this paper also help to set up a full analysis of the soft mass 
RGBs in order to investigate boundary conditions consistent with B — L and 
electroweak symmetry breaking: an analysis which will be conducted in a 
future publication. 



44 



Appendix A: Non-Canonical Bases 

In this Appendix, we briefly analyze "non-canonical" bases and their relevant 
properties. For specificity, we consider one such basis, before going on to 
prove an important general theorem. 

A.l— A Non-Canonical Basis 

Define 



Fi = AYt,^ - 2Yb-l. Yi = SYt,^ + Yb-l 



Note from (^, (10) and (13) that 



Y^ = 8{Y--{B-L)), Y, = QY . 



Using (14), it follows that 11,1^2 satisfy the Killing brackets 

(ri|ri) = 80, (Fairs) = 30, (ri|r2) = o, 



(151) 



(152) 



(153) 



Hence, they form an orthogonal-but "non-canonical" -basis of the two-dimensional 
subspace f)3©2 of the Cartan subalgebra that commutes with su(3)c©su(2)l. 
The explicit form of Yi and Y2 in the 16 representation of so (10) is easily 



constructed from (15),(16). We find that 

[Fi]i6 = (-2)13 © (6)13 © (-2)16 © (6)l2 © (-lO)li © (-2)li , (154) 



[y2] 



16 



-4)l3 © (2)l3 © (l)l6 © (-3)12 © (0)li © (6)li 



(155) 



Similarly, using (|21|),(|22|) the explicit form of Yi and Y2 in the 10 represen- 

-4)l3©(4)l3©(4)l2©(-4)l2, 



tation is given by 

[YiU 



[Y2]io = (2)1; 



-2)l3©(3)l2©(-3)l2 



(156) 



(157) 



A. 2— Properties of the Non-Canonical Basis 



The non-canonical basis ( 151 ) shares three of the four fundamental properties 



of the canonical basis. We analyze this as follows. 
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Wilson Lines and the MSSM: 

Consider the two Wilson lines associated with the non-canonical basis, 
abstract so (10) group elements, these are 



As 



Xi 



X2 



e ^ 3 



(158) 



Note that Xi = X2 = 1 ^^d, hence, each generates a finite Z3 subgroup of 
Spin{lQ). When turned on simultaneously, these Wilson lines spontaneously 
break 

SpinilQ) ^ SU{?>)c X SU{2)l x f/(l)y, x U{1)y^ . (159) 

The Z3 X Z3 isometry acts equivariantly on the chosen vector bundle V and, 
hence, the associated sheaf cohomology groups of tensor products of V carry 
a representation of Z3 x Z3. To determine the zero modes of the Dirac 
operator twisted by V and, hence, the low energy spectrum, one takes each 
-ff^(X, f/ij(V")), tensors it with the associated representation i?, and then 
chooses the invariant subspace (if^(X, [/r(K)) ® i?)^^^^^ 

For R = 16, the associated sheaf cohomology H^ (X, V^) was given in (26 ). 



The explicit representation of Z3 x Z3 on this linear space was presented in 



(27). Choosing the Wilson line generators in the non-canonical basis (151) 



it follows from (154) and (155) that the action of the Wilson lines (158) on 



each 16 is given by 



16 



Xi-X2(3,l,-2,-4)©l-x^(3,l,6,2) 

©Xi ■ X2(3, 2, -2, 1) © 1 ■ 1(1, 2, 6, -3) © xl ■ 1(1, 1, 

©Xi- 1(1, 1,-2,6). 



(160) 



-10,0) 



Using this and (27), we find that {H^{X,V) O 16) 



^3x2 



consists of three 



families of quarks and leptons, each family transforming as 



Q 



(3,2, 



-2,1) 



u 



(3,1, 



-2,-4), ^=(3,1,6,2) (161) 



and 



;i,2,6. 



-3), 



;i,l,-10,0), e = (1,1,-2,6) 



(162) 



under SU{3)c x SU{2)l x f/(l)y, x U{1)y,. 

For R = 10, the associated sheaf cohomology is H^{X, A^V). The explicit 



representation of Z3 x Z3 on this linear space was presented in (32 ). Choosing 
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the Wilson line generators in the non-canonical basis (151), it follows from 



(156) and (157) that the action of the Wilson lines (158) on each 10 is given 



by 



10 



X?-X2(3,l,-4,2)©xi-X2(3,l,4,-2) 
©Xi-l(l,2,4,3)©Xi-l(l,2,-4,-3). 



(163) 



Using this and (g, we find that (H^iX, A^V) © 10)^^''^^ consists of a single 
pair of Higgs doublets transforming as 



H 



(1,2,4,3), iy = (l,2,-4,-3) 



(164) 



under SU{3)c x SU{2)l x U{1)y, x U{1)y2- These results lead to the following 
property of non-canonical basis (151[). 



• When the two Wilson lines of the non-canonical basis are turned on simulta- 
neously, the resulting low energy spectrum is precisely that of the MSSM-that 
is, three families of quark/lepton chiral superfields, each family with a right- 
handed neutrino supermultiplet, and one pair of Higgs-Higgs conjugate chiral 
multiplets. 

This non-canonical basis exhibits a second, related, property. Consider, 
once again, the i? = 16 case and the Z3 x Z3 invariant tensor product of 



H^{X,V) in (|26|),(|27|) with the 16 decomposition in ( |160| . Note that each 
quark and lepton chiral multiplet in the low energy theory arises from a dif- 
ferent 16 representation of Spin{lQ). Now consider the i? = 10 case. It is 



easily seen from (32) and (163) that the Higgs and Higgs conjugate chiral 
multiplets each arise from a different 10 representation of S'pm(lO). This 
leads to the second property of the non-canonical basis. 

• Since each quark/lepton and Higgs superfield of the low energy Lagrangian 
arises from a different 16 and 10 representation of Spin{10) respectively, the 
parameters of the effective theory, and specifically the Yukawa couplings and 
the soft supersymmetry breaking parameters, are uncorrected by the Spin{10) 
unification. 



Thus, the non-canonical basis ( 151 ) shares these two important properties 



with the canonical basis. Now consider the following. 
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The Kinetic Mixing Parameter: 

Prior to turning on the Z3 x Z3 Wilson lines, the conventionally normalized 
kinetic energy part of the gauge field Lagrangian is Spin{10) invariant and 



given in (36), where {Tg, a = 1, . . . .45} is an orthogonal basis of 5o(10) in 



any representation R , each basis element Killing normalized to 4=. Defining 






(165) 



we see from (153) that 



and, hence. 



(T^IT^) = (T^IT^) = -, (T^IT^) = (166) 

^k^neUc = "^(i^^)' ' \{F',^? + ■■■ ■ (167) 

That is, there is no kinetic mixing term of the form F^^^F^^^. This is a 
consequence of the fact that the non-canonical basis elements Yi and Y2 
are Killing orthogonal, and is of little importance while ^^^^(lO) remains 
unbroken. However, if both Wilson lines are turned on simultaneously, the 
gauge group is spontaneously broken to SU{3)c x SU(2)l x U{1)yi x U{1)y2- 
For general U{1) x U{1), the two Abelian field strengths can exhibit kinetic 
mixing; that is, 

^k^neuc = "^((F^)^ + 2aFl^F'^^ + (F^^J^ + ...). (168) 

for some real parameter a. However, for U{1)yi x U{1)y^ the normalized 



canonical generators satisfy (166) and, specifically, are orthogonal in so(lO). 



It follows that the initial value of a at the unification scale, M^, must van- 



ish. Hence, there is a third property that the non-canonical basis (151 ) shares 
with the canonical basis. 

• Since the generators of the non-canonical basis are Killing orthogonal in 
so (10), the value of the kinetic field strength mixing parameter a must vanish 
at the unification scale. That is, a{Mu) = 0. 

Once the Spin{10) symmetry is broken by both Wilson lines, either by 
turning them on at the same scale or sequentially, one expects the mixing 
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parameter a to regrow due to radiative corrections. In this case, the Abehan 
field strengths develop a non-vanishing mixing term which greatly compli- 
cates the renormalization group analysis of the low energy effective theory. 



As discussed in detail in Subsection |2.2[ at an arbitrary scale the covariant 
derivative can be written in an "upper triangular" realization given by 



fl^9-,:(T',r^)(5„' |')(;^; 



with 



Q\ = gi, G2 



92 



Vi 



Q 



M 



-gia 



a" 



Vi^ 



a^ 



(169) 



(170) 



The RGE for the off-diagonal coupling Qm was presented in (51), (52) and 
(53). Recall that if the mixing parameter a and, hence, the off-diagonal 
coupling Qm vanish at some initial scale, as they will for the non-canonical 
basis (151 ), then a non- vanishing Qm will be generated at a lower scale if and 



only if the charges T^ and T^ are such that 

B12 = Tr{T^T^) y^ 



;i7i) 



The trace in ( 171 ) is over the entire matter and Higgs spectrum of the MSSM. 
Let us break Spin{10) to U{1)yi x U{1)y2 with both Wilson lines of the non- 



canonical basis (151). The associated normalized charges T^ and T^ were 
presented in ( 165[ ) and satisfy 



(T^IT^ 







It then follows from (17) that 

Tr{[T\[T\) = 



(172) 



(173) 



for any complete 5o(10) representation R. Recalling that each quark/lepton 
family with a right-handed neutrino fills out a complete 16 multiplet, one 
can conclude that 



Tr{[T'] 



,{T 



quarks / leptons [-^ \quarks / leptons ) 







(174) 



However, in the reduction to the zero-mode spectrum the color triplet Higgs 
He and Hq are projected out. Hence, the electroweak Higgs doublets H 
and H do not make up a complete 10 of so (10). Therefore, the trace of 
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T^T"^ over the Higgs fields of the MSSM is not guaranteed to vanish. It is 



straightforward to compute this trace using (156), (157) and (165). If we 
ignore the color triplet components, then 



[ri]j,,5 = (4)i2©(-4)i, 



;i75) 



[>^2]//,/? = (3)l2©(-3)l2. 

It then follows from ( [l65| ) and ( [l75| , ( [l76| ) that 

1 



Tr{[T%^s[T']H,H) 



^v^ISO 



Tri[Y,Us[Y2]H,H) 



V6 
5 



(176) 



(177) 



We conclude from (174) and (177) that 



B 



Vg 



12 



7^0. 



(178) 



Therefore, for the non-canonical basis (151), although the initial value of 



a and, hence, Qm vanish, these off-diagonal parameters will re-grow at any 
lower scale. That is, unlike the case for the canonical basis, here kinetic 
mixing will re-emerge due to radiative corrections. We conclude that the 



non-canonical basis (151) does not share the fourth property possessed by 
the canonical basis. 



The generators of the non-canonical basis (151) are such thatTr{T^T'^) ^ 



when the trace is performed over the matter and Higgs spectrum of the MSSM. 
Thus, unlike the canonical basis, even though the original kinetic mixing pa- 
rameter vanishes, a and, hence, Qm will regrow under the RG at any scale. 
This property of kinetic mixing greatly complicates the renormalization group 
analysis of the SU{3)c x SU{2)l x f/(l)y-^ x U{1)y2 low energy theory. 



A. 3— General Theorem About Kinetic Mixing 



In this final subsection, we will prove that this property of basis (151) is 



shared by all orthogonal non-canonical bases. That is, the only basis with 
the property that kinetic mixing vanishes at all scales is the canonical basis. 
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or any appropriate multiples of this basis. Consider a generic basis of P)302 
given by 

Fi = uiYt,^ + hYb-l. Y2 = pYt,^ + qYb-l • (179) 



Using (14), we find that 



(FilFi) = 2(m2 + en"), (Y^lY^) = 2{p^ + Qq^) 
(FilFa) = 2{mp + 6nq) . 



(180) 
(181) 



In order for the initial value of the mixing parameter a(M„) to vanish, we 
want to consider bases for which (Y1IY2) = 0. Hence, one must choose 



(182) 









mp = 


—6nq 




At 


i previously. 


define the normalized j 


2;enerators 






2Vm 


2 + 6n2 '' 


T'-. 


1 




2^p^ + 6g2 


so 


that 






1 

~ 2' 








(T^ T') 


= (T2 T2) 


(T^ T2) = . 



Y2 (183) 



(184) 

We will, henceforth, make the assumption that the associated Wilson lines 
lead to exactly the MSSM spectrum with three families of right-handed neu- 
trino supermultiplets with no vector-like pairs or exotic fields. The non- 



canonical basis (151) serves as a proof that, in addition to the canonical 



basis, there is at least one other basis with this property. 

Having guaranteed that the initial mixing parameter a vanishes, we want 
to decide when this parameter can remain zero at any lower scale under the 
RG. As discussed above, this will be the case if and only if the charges T^ 
and T^ are such that 



5i2 = TriT'T') = , (185) 

where the trace is over the entire matter and Higgs spectrum of the MSSM. 



The normalized charges T^ and T^ in ( 183 ) satisfy 



and, hence, 



(T^IT^) =0 
Tr{[T%[T^]n) = 



(186) 

(187) 
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for any complete so(lO) representation R. Recalling that each quark/lepton 
family with a right-handed neutrino fills out a complete 16 multiplet, one 
can conclude that 



Tr{\T^] 



,[T 



quarks / leptons [-^ \quarks / leptons ) 



. 



(188) 



However, in the reduction to the zero-mode spectrum the color triplet Higgs 
He and He are projected out. Hence, the electroweak Higgs doublets H 
and H do not make up a complete 10 of so (10). Therefore, the trace of 
T^T"^ over the Higgs fields of the MSSM is not guaranteed to vanish. It is 



straightforward to compute this trace using (21), (22) and (179). If we ignore 
the color triplet components, then 



[yi]H,H 



im)!-. 



-m)!': 



(189) 



[Y2]h,h = {p)^2®{-p)12. (190) 

It follows from (|l83|) and (|I89|, (|I90|) that 

Tr{[T']H,HmH,H) = . ,,^.,l..,..,.., Tr{[Y,]H,H[y2]H,H) (191) 

(192) 



4A/(m2+6n2)(p2+6g2) ' 

mp 
^(m2+6n2)(p2+6g2) 



We conclude from (188) and (192) that 



B 



mp 



12 



\J{m? + 6r7,^)(p2 + 6g^ 



Therefore, for B12 to satisfy (185) one must choose 

mp = . 



(193) 



(194) 



We conclude that to have kinetic mixing vanish at any energy-momentum 



scale, a generic basis (179) must satisfy both (182) and (194). It is straight 



forward to show that the only bases that satisfy these two constraints is the 
canonical basis, and appropriate multiples of the canonical basis. 

• The only basis of f)302 C f) for which U{1)yi x U{1)y2 kinetic mixing van- 
ishes at all values of energy-momentum is the canonical basis Itsu; Yb~l o-nd 
appropriate multiples of this basis. 
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